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FOREWORD

This report was prepared by the Department of Mechanical Engineering,
Massachusetts Institute of Technology, under Contract No. AF 18(600)-957.
The contract was initiated under Project No. 7351, "Metallic Materials,"
Task No. 73521, "Behavior of Metals." The work was monitored by the
Metals and Ceramics Laboratory, Directorate of Materials and Processes,
Deputy for Technology, Aeronautical Systems Division, with Hr. D. M.
Forney, Jr. acting as project engineer.

This report covers the period of work from September 1959 to
September 1961.
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ABSTRACT

The development of the plastic strain in a V-grooved flat plate
under longitudinal shear was followed from the elastic through the par-
tially plastic to the fully plastic condition for a non-strainhardening
material. The region of plastic flow develops monotonically. Adjacent
to the zone of deformation in the fully plastic case there is a region
where limited plastic deformation has occurred.

The results for the growth of the plastic zone were compared with
predictions based on the elastic-plastic solution for an infinite plate
and the elastic solution for a finite plate. Agreement is good at low
stress levels. At high stress levels, a relatively simple empirical e-
quation, satisfying overall equilibrium, is proposed. Predictions based
on elasticity theory alone are shown to be seriously in error.

PUBLICATION REVIEW
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I. INTRODUCTION

For an understanding of fatigue it is desirable to know the dis-
tribution of plastic yielding at the tip of a groove or growing fatigue
crack. Since problems in longitudinal shear are more readily solved
than others, it was decided to study a circumferentially notched, thin-
walled tube loaded in torsion, which could be idealized as a grooved
plate loaded in longitudinal shear, as shown in Fig. 1. The plate, con-
taining an infinite V-groove in its face, is loaded with a shear stress
1r parallel to the groove. The plate thickness is t, the groove depth
is c, and the semi-groove angle is Qr . The material is elastic-plastic,
non-strainhardening with a yield stress in shear of k.

II. ELASTIC-PLASTIC ANALYSIS

Consideration of the case of an infinitely thick plate, given by
Hult and McClintock (1956), or of the limiting case of torsion as given
by Prager and Hodge (1951), leads one to postulate displacement only in
the direction of the axis of the groove. The equations of equilibrium
are satisfied if the components of stress are set equal to derivatives
of a potential function:

7 € (1)

In the elastic region Hooke's Law and the dependence of strains on the
one component of displacement then lead to the familar Laplace equation
for the stress potential ,

e a (2)
C x2  + yZ

subject to the boundary condition,

0 Jdx + ~±d) =J~dy-KdK)

integrated around the boundary of the elastic region.

Equation 2 with its associated boundary condition, Eq. 3, applies
only in the region where Hooke's Law is satisfied and can be solved
only with a knowledge of the position of the elastic-plastic boundary.
(M1ore precisely, it is not the j-hasticity but the non-linearity of the
stress strain relation which is critical in determining this boundary,

Manuscript released for publication by the author May 1, 1961, as
an ASD Technical Report.
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but the two conditions are identical for the material considered here.)
The need to know the elastic-plastic boundary is avoided by transforming
from space coordinates to stress coordinates. Since the Jacobian of 7Z
and Tyz with respect to x and y is non-zero, the continuity and equili-
brium equations can be written asOY

7 2-Z (4)

a TxZ T3Ty 7xZ
The second of these will be identically satisfied if the coordinates
are set equal to the partial derivatives of a potential with respect
to the components of stress:

7z . (5)

From Eq. 4, the coordinate potential 3 then must satisfy Laplace's

equation, a or + -) 2 0

subject to the boundary condition

-r,, Z yZT"'7y
dc)TZ *Tyz (7)

7..

"Tis transfor.aticn and the resul-r. *r:ndary conditions are shown
in Fir. . In intearatini around the e z --. astic boundary it must
be noted that the res.zltant stress i- e.' .t.e yield stress and is
norma :c a Tosit'cn vector fron the ti- c.' ,.e grocve. The entire
boundarj exce:.t the r.azni tude c- the ztres- the free surface op-
..csi:e the -rccue ( Tb ) is nown. :e', rc- the continuity of
st:ess .r stcae it can be shown eht (th/atTxZ) is continuous
ir the TyZ - directicn across the .c.'nt ( 7z - OV Z- 7b ), which
iS lienz info.rm.aticn to uniquey derne a solht-on.

D]ue to this irdeterr..inate boundary c:nditicn, the author was not
able to find a closed forn, ana rtic soluriah to the :rcblem. Tere-
fore the sclatin -was c rred cut by machine cor.-ut-.tinl using relaxa-

I.ese co.r.utations were terformed in rart at the Y. i. 7. Cor.u-
tation enzer, Canbridre, .!ess., and cor.-Ceted at the University Yathe-
rati cal Laboratory, Cazbrid~e, England.
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tion techniques plus a provision for satisfying continuity of (l/a7yz)
across 7'yz = b • To simplify computation, the sector-shaped area of

the stress plane was mapped conformally into a semi-infinite strip. Since
the zero stress point of the stress plane is a singular point of this

transformation, the boundary there was replaced by a small circle of
radius Ip(-37/2) and P was simply called zero on this circle. The
number of cycles to obtain proper convergence and the accuracy of the
finite difference approximations were determined as outlined by Crandall
(1956). The degree of convergence was checked by performing extra
cycles in one case. The slopes of the potential function are accurate
to about 5' and are on the low side of the correct value. The results
of these computations are shown in Figs. 3 through 8.

Hult and McClintock (1956) have shown that in the plastic zone, the
strain consists of a single shear component normal to the position vector,

f. This shear component is given in terms of the yield strain, ry = k/G,
and the distance to the plastic-elastic boundary ( R ), measured through
the point in question, by

YO = yy R/r . (8)

Therefore since the elastic-plastic boundary is known, the strain dis-

tribution in the plastic zone can be determined.

It can be scen from Fig. C that for any element, the strains are
monotonically increasing functions of the applied load. Therefore the
same result is obtained for either non-linearly elastic or elastic-

plastic material.

Once the fully plastic state is reached, all further deformation
takes place on the plane y = 0, as Fredicted by a rigid-plastic analysis.
It is observed that adjacent to the rlane of deformation in the fully

plastic state, a region of limited deformation exists as suggested by

Hill (1950).

III. CoMARISON ITH ELASTIC AILALYSIS

Since numerical computations are time consuming and do not afford
a compact summary of results, it is well to inquire how closely these
results might be anticipated from an elastic analysis coupled with the
elastic-plastic analysis of Hult and McClintock (1956) for a plate of

3



infi'nite th _c'ness.

As sliovi by ,,.s (l .;57) ilor zero-anji oce ndrtnino
trans\'ersc si.ea'r, the stre-ss d istribW_,,ton near the tip of the notch in
a body o2 v-rlb trari z_ a--c can be characterl~zcd by a sin,,le paravieter.

Similerly , o a ,oro-an. -1c _roove, or crack., m~dor lon,,itudinal shear,
T.Lt and : c~l >toe foamd the clastIc s4tress distribution to be

OZ cos T rz - X3 r sin-i-
'o' c n c1 :nit the conste:n- . 3 1,;Len In ter, 5 of the stress

at ±f.1n ," (7co -na t.e~ca. de-tl (c) by

..01 a -*n. ± ~ ~te c 'e~i of :, th-e radius of the
:1c';tC. :cn_ .' ' o z'1! 'rsa th.c co of a crack: in an infinite solid
to bLe -i;"' z z 0 the e-wtc :txs. ians ty factor, K , of the

R = c(7oo/k)z.(1

-... .... .... ' 'o~:, t'.0 !a- o' f"nite th~ick-
Vr' : z.-L... - Th: o that ..e by '.ester-

z : a -,crf- o_' r, s*- a mCteider tension.
The ...X......... wton.'o-" 1'ato th.-c.nes3 identical to

at .t

~ ,~. .. .s -,c z"f'! n'tctor Is e::.act. -n the

2z 13 ., c'~ no alz; .-. str ''- exi sts
on ~-:c- cr, c 7n :~mr' analysis, b,,t

11 37 -C 'Z t -- Ir eKe of ,::n tc " r e z: ca ets.

- I ,. .- cd strcss 's fncr'eased

t~e...................t7.n - en I.'C's. 21 and 12. An
a -- o~:;ac : ~ton a ':n 's 'cv n-'~n- tiat v.hen t-e irani-

- .. - :c, ::~x~.-.- eo-ires that -the ap-
-l:ed stre -~ - 7--:.Ts ca n be achf~c-.ed by adding: a cor-
rcct_on tc-- c. II rind' 1:



R =o C (2,oo72 C ta (13)
Choosing the exponent on the stress term to be 5, and the constant C to
give the proper limit gives

C' = (t-c)(1 - 2(t-C) tart (14)7r t - ta t)("

The results of the approxinate relation given by Eq. 13 are plotted in
Figs. 3 through 5 and five satisfactory agreement with the more exact
numerical solution. it is also of interest to c.pare these results
with the assumiption that tie plastic zone extends to the point where the
stress calculated on an elast-c basis reaches the yield stress, as re-
coi:iended by the ASl. (160). 7n :a:In- the correction for the finite

width of a plate, they sugest that the effective crach length sho,-ld
be taL:en to be the actual crac:: lenth -!z the radius from the tin of
the cracl: to the elastic-lastc bo-n~ary directly ahead of the crack,
c + O .  These ideas lead to t.e equatior.

Ro = -S ( 7.)22 tan -Y (+R .(5
2- r 2t (5

As shown n i 3 rouh 5, ths o::iaton is unstisfactory. In
the first nlice, at low stress 2e':c' it was 3ho by H'lt and L:cclintock
(195'.) that this type of ani-rox rution save results low by a 'actor of
tro. On the otherhand, at higJ. stress levels the equatior is
unsatisfactory because it iplies that -:ten the plastic zone reaches all
the way across the plate, the load carrjing ca_ acity has drorsped to zero.
Even writhout tI e a,-pearance of the te=, for the radius of the plastic
zone in the correction for finite la -e width, the equation fails to
satisfy equilibriium in the flly plaszic case. 3ince this objection
holds in the case of a sheet tnder tension - -tell as a plate -nder shear,
the tensile analog of La. 13 is to be piaeferred.

A further disadvantage to tLe above assu:.ption, that the boundary
of the plastic zone is the point at which the elastic stress distribu-

tion reaches the yield stress, is seen on noting that such an assuap-
tion would indicate plastic flow occurrirn along the flan: of the
groove, whereas as sholn in FUis. U through 3, the plastic zone actually
lles entirely ahead of the crac::.
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IV. CONCLUSIONS

1) In the fully plastic case, the strain in a singly-grooved
flat plate under longitudinal shear is concentrated along the minimum
section. As the plastic flow develops, however, small scale plastic
strain occurs in a monotonically increasing region on either side of
the plane of minimum cross section.

2) The extent of the plastic zone ahead of the groove, RO, is
given in terms of the plate thickness t, the crack length or groove
depth x, the nominal applied stress, 70 , and the yield stress in
shear, k, by the equation

Rt tan -+-(P-+- t-c

where the constant C, chosen to satisfy equilibrium in the fully
plastic case, is

C (t -) i -2-

3) A co-responding equation, derived by a method recommended by
the AS?4, is in error by a factor of two at low stress levels, and is
even qualitatively incorrect at high stress levels.

4) Within the plastic zone, the strain is given in terms of the
radius to the elastic-plastic boundary by

6
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